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In this dissertation we are interested in the optimal control problem based on frac-
tional differential equations. We propose and analyze some high order methods for the
numerical solution of a kind of fractional differential optimal control problems. On one
hand, optimal control problems can be found in many scientific and engineering applica-
tions, and it has become a very active and successful research area in recent years. On the
other hand, the fractional differential equations are now winning more and more scientif-
ic applications cross a variety of fields including control theory, biology, electrochemical
processes, viscoelastic materials, polymer, finance, and etc. Therefore, the optimal con-
trol problem associated to the fractional differential equations initiates a new research
direction. Although the research for the fractional optimal control problem (FOCP) is
relatively sparse, several studies have been carried out, and we see increasing interest in
this topic from both scientific and engineering communities.
The aim of this work is the design, analysis, and validation of some efficient numerical
methods for the optimal control problems governed by fractional diffusion differential
equations. The detailed content of this thesis is as follows:
In Chapter 1, we start with the background of the fractional optimal control problem.
After recalling the derivation of the fractional diffusion equation in the framework of
continuous random walk, we move on to the research motivation and summarizing the
main contributions of our work. Furthermore some related knowledges are presented.
In Chapter 2, we consider two boundary value problems corresponding to the frac-
tional differential equations involving Caputo and Riemann-Liouville fractional operators
with smooth right-hand sides, respectively. We show that the considered equations admit
smooth solutions under certain assumptions.
In Chapter 3, we study the Galerkin spectral approximation to an unconstrained
convex distributed optimal control problem governed by the time fractional differential
equation (TFDE). We derive the first order necessary optimality condition for the consid-
ered FOCP, where the right fractional derivative automatically arises in the adjoint state
equation. Then some a priori error estimates for the space-time spectral approximation















based on the conjugate gradient optimization method using Galerkin spectral approxima-
tion is developed, and numerical evidences of our estimates are provided. In particular, a
method for choosing the optimal step size is presented.
In Chapter 4, we deal with the spectral approximation to the FOCP with an integral
constraint for the state variable. The optimality conditions of the exact and discrete
optimal control systems are derived in virtue of the Kuhn-Tucker condition. Then some a
priori error estimates showing the spectral accuracy are obtained. Furthermore, a simple
and efficient iterative algorithm is proposed to solve the discrete system. Some numerical
examples are performed to verify the theoretical results.
In Chapter 5, we consider the Galerkin spectral approximation to the space-time
FOCP with integral constraints on the control variable. An important relationship be-
tween the optimal control and the optimal costate of the considered problem is derived.
This relationship is the key to our analysis and numerical algorithms. The analysis al-
lows us to derive some a priori and a posteriori error estimates. Finally we propose a
projection gradient optimization algorithm and provide some numerical tests to confirm
the theoretical result.
In Chapter 6, the inverse problem of reconstructing the initial condition for the
subdiffusive equation is investigated. By introducing a suitable objective function, the
inverse problem is formulated into an optimal control problem. Then on the basis of the
optimal control framework, the uniqueness and first order necessary optimality condition
of the minimization problem are established. Based on these results, a time-space spectral
method is proposed to numerically solve the resulting problem. Numerical experiments
are carried out to show that the proposed method is capable to find out the optimal initial
condition, and that the convergence rate of the method is exponential if the optimal initial
condition is smooth.
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